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From eigenvalues chemists compute spectra and
rate constants.

Spectra

e shapes of molecules

e forces that hold molecules together

Rate constants

e atmospheric chemistry

e combustion chemistry



To compute a ro-vibrational spectrum one must
solve the Schroedinger equation

Hypy = Etpy, . (1)

This is almost always done by converting it into a
matrix eigenvalue problem

Yn = Z CrnkPk (2)
k

(H-E)) cupr =0 (3)
2

Galerkin

(H - EI)¢ =0 (4)



To follow this procedure one needs to:

e determine H

e choose basis functions ¢y,

e Calculate matrix elements

e compute eigenvalues and eigenvectors



H depends on orientational and
coordinates

H(rq, 72,0, orientational coordinates)

~

BH=T4+V

T = differential operator

E.g.
o2 52 o2

T=a o
r2+58 %—I-pae2

V = function of the shape coordinates

E.g. V = V(’I‘l,rg,e)

shape

(5)

(6)



The first basis functions used in this field were
product basis functions. For H,O

D1 (r1,72,0) = 1y (r1)n,(r2)xng(0)  (7)

and k=(n1,n2,n3)

In this basis the Hamiltonian matrix elements are

(H)n’lnlzng,nlnzng (8)



For HoO the size of the matrix required for the
vibrational problem is

(number of n1)(number of no)(number of nz) = n:fd

(9)

3N, — 6 coordinates are required to specify the
shape of a molecule with N, atoms.

For a molecule with N, atoms the size of the
matrix is n3Nat—0

n1id ~ 10 (10)

For a four-atom molecule the size of the matrix is
~ 10°.

For a five-atom molecule the size of the matrix is
~ 10°9.



It iIs not possible to use Householder
transformations and the QR algorithm
to compute the eigenvalues of a 109 x 10°
matrix.

The two most obvious options are
e Better basis functions

e Iterative methods



The first option: Better basis functions

If there were only two coordinates

Diagonalise blocks

basis — yn,(q1) frmk(g2) (11)

Retain only some of the eigenvectors of each block.

We call these contracted basis functions.



If elements of the off-diagonal blocks are small
compared to differences of eigenvalues of the di-
agonal blocks then this contracted basis is good
(much smaller than the original basis).

Examples

H>O

5000 product — 800 contracted
HCN/HNC

9000 product — 1000 contracted
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The second option: Use a product basis and
calculate eigenvalues with an iterative method

E.g. Lanczos

e NO need to store H

Matrix-vector products are evaluated by exploiting
the structure of the product basis (not the sparsity
of the matrix).
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Cl

Basis Function Dichotomy

Product

e Basis functions are prod-
ucts of functions of a single
variable

Contracted

e Basis functions are
eigenfunctions of blocks of
the Hamiltonian matrix

o ¢n1n2n3 — in (Tl)ﬁbnz("“Q)X’ns(e). ¢jn3 — 9?3(7"17 TQ)XTL3(9)



€l

Advantages of
product basis

e Basis functions are simple
and need not be determined
numerically

Advantages of
contracted basis

e Fewer basis functions are
required to represent wave-
functions of interest



Y1

Eigensolver Dichotomy

Direct

e Memory: N2

e CPU: N3

e Householder transforma-
tions + QR method

Iterative

e Memory: N

cost of a single matrix-

o CPU: M-
vector product

e Lanczos, Filter Diagonalisa-
tion, Davidson



In the product basis the Hamiltonian

matrix is a sum of ‘“tensor products’.

Because the simplicity of the product
pasis makes computing matrix-vector
products inexpensive it is natural to
combine a product basis with an iterative

eigensolver.

This vields a powerful combination

e Memory cost ~ N = (nqy)/

e CPU cost ~ MNIlog N ~ M(nqg)/ 1
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Because the compactness of the contracted
basis reduces N2 and N3, it is natural to
combine a contracted basis with a direct

eigensolver.

This combination is also advantageous.
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Basis Eigensolver

Product A Iterative

Contracted < Direct
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The success of the contracted/direct strategy is
due to the small size of the contracted basis.

HCN/HNC HoO
1000 < 9000 800 < 5000

The success of the product/iterative strategy is
due to the CPU cost scaling relation,

cost of a single matrix-
vector product

N3 VS. M -

< MN?
< N3
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(N_pi0q)? and (N,,;.q)3 are significant problems for
those who use contracted/direct strategies.

For a molecule with four atoms N_,,;.4 ~ 10’000

For a molecule with five atoms N,,;.4 >> 10’000

Nprog Aand nygNy,..q are significant problems for

those who use product/iterative strategies.

For a molecule with five atoms Np,.,q & 10°
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Proposal:

Consider the possibility of exploiting both the
smallness of the contracted basis and the efficiency
of iterative solvers.

Objections:

e An iterative eigensolver will only be efficient if
computing matrix-vector products IS
inexpensive and contracted basis functions make
this impossible

e To do matrix-vector products in a contracted
basis it is natural to transform back to the
product basis but this obviates the storage
advantage of the contracted basis.
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Contracted basis functions obtained by
diagonalising blocks are good in the sense that
they reduce the size of the Hamiltonian matrix,
but to do matrix-vector products in this basis one
must transform from the contracted basis to a
primitive basis, evaluate the matrix-vector product
in the primitive basis, and then transform back to
the contracted basis. There is therefore no way
to avoid storing vectors with as many components
as there are primitive basis functions.
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For H>O the difficult matrix-vector product is

Zjr = (055 ln(r1, 72)0(0)In35)unsy;
n3j

Z a/B]/:u‘(rrlOu Ir2ﬂ) Z Ofn,3fn,3 Z IBJU”I'L&]

which could be evaluated

n' 13
Z Z M 3 Ongn3un3j
with
’l’L3,’I’L3
] ' Z aﬁjlﬂ(rlaa T25)

but this matrix vector product is costly (because
M depends on 4 indices) and storing M requires a
lot of memory.
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To facilitate the calculation of matrix-vector
products we use basis functions that are not as
good (in the sense of reducing the size of the
Hamiltonian matrix) as the functions obtained by
diagonalising blocks.

Our basis functions have advantages

e They are inexpensive to compute. It is not
necessary to diagonalise many large blocks.

e Hamiltonian matrix-vector products can be done
efficiently without storing large vectors or
matrices
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New contracted basis

H="T.,(0,7) + Tsr(r) + V(6,r)

We use as basis functions X;(0) Ys(r) where

H®) X,(0) = EyX3(6)
with

H®) — Tyer,(0,1¢) +V (0, 7e).
and

HO)Y,(r) = EsY3(0)

with
HS) =Ty, (r) 4+ V(be, 7).
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We write the Hamiltonian,

H=H® 1L g6 L AT+ AV

where

AV (r,0) =V(r,0) —V(re,0) — V(r,0e)

Matrix-vector products with AT are easy and
inexpensive (because it is factorizable).

25



Matrix-vector products with AV

We choose the primitive stretch basis so that
matrix representations of functions of the stretch
coordinates are diagonal.

(b's'|AV(0,7)|bs) = > CgyDagAVgaDasCpp
B

where

Xp(0) =D Cgapfp(6)
B

and

Ys(r) = Z Dasga(r)
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(b's'|AV(8,r)|bs) = ZDaleb/b,aDas
o

The potential matrix in the contracted basis is

For a large calculation this is so big that it cannot
be stored.

27



Instead we write,

b's'|AV(0,7)|bs) = > D,gFyp oDas
87
with

Fb’b,a — ZCIBb/CﬁbAVQQ .
B

F is stored and the matrix-vector product is
evaluated in three steps

1
ZLgcx) — :E::-l)cxs
S
2 1
ubsulg’a) = ZFb’bOéulga)
b

2
S D)
87

/
ub’s’
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The F matrix is

This is easy to store
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Cost ~ na(an + 2nyns) — naan (ng > ng)

f+1
<< nyy

<K nanﬁ’nb

F' is calculated once,

before the Lanczos recursion.

30



1€

Results

T8 potential of Schwenke and Partridge.

Basis lmaz = Mmaz Npend EEUt 423 ‘ Ny MNstretch EEUt Ng ‘ N final
Basis I 25 3.26M 8090 280 | 10 5049 20000 260 | 72800
Basis II 25 3.26M 7670 246 | 10 5049 20000 260 | 63960

33 x 109 — 72 x 103

reduction of almost six orders of magnitude



Other subjects I look forward to discussing

Preconditioned inexact spectral transform
method

Goal: calculate many interior eigenvalues

I apply Lanczos to (o I - H)~l. I use
preconditioning and TFQMR to solve the
linear equations.

I project onto the basis of the inexact Lanc-
z0S vectors. The quality of the eigenvalues I
compute IS not limited by the
inexactness of the linear solves.

Not Jacobi-Davidson
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Symmetric indefinite Lanczos method

e AU =S UE

e Both A and S are indefinite

e Numerical error makes it impossible to
calculate accurate eigenvalues
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